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Motivating Example 1:  Quantal models for dose response

1, aresponse is present on dose z,
0, no response,

Y:ﬂ@:{

Probability of response: P{Y = 1|z} = n(x,0),

n(x,0) = w(0) + 02), m- p.d.f. (logit, probit, etc).

D-optimality, c-optimality (estimation of percentiles £D,)):

optimal designs are invariant in the induced space z = 6, + 6z, but
depend on 6 in the original z-space.

White (1975), Wu (1988), Ford, Torsney, and Wu (1992)

U
GLM Framework

Example 2:  Multiparameter logistic models for bioassays

0 — 6

E(y|z;0) = 0) =0 —_—
(y|l‘, ) 77(1', ) 1+ 1+exp(03+04x) )

If 6, =A, 6, =B (Min and Max of observations), then

B—n
03+ 0,0 = 1
s+ 04 OgT]—A

¢

[reduced to GLM Framework |

Power model of variance: Var(y|z,0) = S(z,0) = d1n%(z, 6).

Karpinski (1990), Hedayat et al (1997)




Motivating Example 3:  PK model used in one of GSK studies

Measuring drug concentration at k different time points:

U(le 0)>U($27 0); s >n(wl\'7 0)7

x; - time of i-th sample;

0 - PK parameters, 6 ~ F(6) - population model (random coeffi-
cients, or mixed effects model).

Costs depend on the number of samples (i = 2):

c1(z) - cost of single sample at time x,

2@, x2) - cost of two samples at zy, z.

k = 2: the options are
o Take one sample:  7i(z,0) + error < cost ¢ (x),
e Take two samples: 7,70 + error < cost ¢o(w),

plus take into account the covariance structure

3
Ely|z,0] = n(z,0), Varly|z,0] = S(z,0).

Questions: (1) How many samples to take: one or two?
(2) At which times {z} 7

7

PK Model for oral drug : two-compartment model with first-order

absorption and elimination from central compartment,

fO(I) = —-K, fO(‘T)

filz) K, folx) — (Kie+Kip) file) + Ky fo(z)
folz) = Ky fi(z) — Ky fo(x)

Initial condition f(0) = (D,0,0) =

n(w,0) = i)/

V1 - volume of distribution, K, - absorption rate constant,
K9, K12, K» - transfer rate constants.
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Nonlinear model with multiple responses

All Examples: variance depends on unknown parameters

Regression Model

{y;, i=1,...,N} - observations,

Elyle] = n(x,0),  Varly|z] = S(x,0),

n(z,0)is (k x 1) vector; S(z,0)is (k x k) matrix.
x € X C R independent variables (predictors),

0 eQ C R™ m unknown parameters.

In Example 3: k=1or2; [=1 (time).




Information Matrix p(z,0):

Gaussian y;, single response, k = 1:

u(z,0) =

Multiple Responses, k > 1.  p(z,0) = [pag(z,0)]3 521

on 4 On 1 as ., 0S
iz, 8) = —L g1 571 122
Has(@,0) = a5 Gos T 3015 56,5 g,

Magnus and Neudecker (1988)

Maximum likelihood estimator (MLE):

Oy = arg min El L(yilw:, 0),

L(yilz,0) = log|S(wi,0)| + [y — n(ws, )] S (i, 0) [ys — n(w:,6)] .

Convergence of the MLE: regularity conditions —

VN(@Oy —0%) ~ N0, M~Y(97)), M(6*) = i N’lij w(zi, %)

=1

Nonlinear least squares:  Jennrich (1969), Wu (1981)
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Iterated Estimators

(a) S=S(x;i) = well studied Generalized LS,

N [y — (@, 0)

O1n = arg moin

(b) When S = S(z,0), it seems natural to replace (E1) by

i N [y = nla, O))
Oy = arg mﬁln El W7 (E2)

but é\ in general is not consistent.

Fedorov (1974), Beal & Sheiner (1988), Malyutov (1988), Vonesh & Chinchilli
(1997)

(c) [Iteratively reweighted least squares (IRLS)

O3y = im0, (£3)
N
b, — argmin > lyi — n(as, O S~ (@i, 0p1) lyi — n(xi,0)]

0~3N is strongly consistent,

In(z;,0)

.
50 Sz, 0)

Var [égy] ~ [é:l

inferior to the MLE.
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Combined Iteratively Reweighted LS estimator (CIRLS)

Includes ‘squared’ deviations of the predicted variance matrices S/(x, 6)
from observed residual matrices:

Oy = tllglo 0, 0, =arg mﬁin Ry(6,6,-1), (E4)
N T
Ry(8,6) = 3 [y —n(ai, O) S (2:,0) [yi —n(2:,6)] +

i=1

-&é é tr [{[yL —n(z:,0)] [vi — n(zi, &))" — An(zs;0,0") — S(zi, 9)} S, 9')]2 ,

where

An(z::6,0) = [n(z:,0) = n(x:,0)] [n(zi, 6) = n(zi, )"

The MLE 6y and CIRLS Oy are asymptotically equivalent

Fedorov, Gagnon, and Leonov (2001)

Optimal Design
n; independent measurements at z;, ¥ n, =N =

Normalized information matrix:

1 =n n
M(0) = o X miplwi0) = ¥ wi p(x;, 0)

& ={w;, x;} - design; w; =n;/N.

Asymptotic variance of the MLE: ~ Var(d) =~ Mgl(é)/N

Thus, ‘minimize’ variance: & = argmgin 04 {M{l(H)} ,

subjectto {0 <w; <1, ¥, w; = 1; x; € X - design region}.

How to get frequencies: n; ~ Nw;.
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o D-criterion: ¥ = log [M '(0)]  (~ V(confidence elipsoid))

e A-criterion: ¥ = tr[A]Mf{l(O)} (eg.. average variance of 0;)

Generalized Equivalence Theorem

D-optimality: take measurements at points where the normalized

variance of prediction (sensitivity function) is the worst.

(1) 2 < max tr [;L(:p,@)]V[gl(H)] (algorithm).

(2) (2,0,€) =tr [u(x,0)Mz'(0)] < m, m=din(0).

&* - D-optimal design;  v(z, 0, &) - sensitivity function.

A-optimality: (x,€,0) = tr|u(x,0) M;'(0) A M;'(6)]

D-optimal designs with a single response:

1. Was S(x):

Var [1(z, 0)]
S()

€ <= max

2. Now S(z,0):

far [ Var [S(z, 0
T; <= max Var [i(z, 0)] ar{ (= )] -

S(z,0) 2 5%(z,0)

_ L On=0) 1, o0 1 05(,0)
T S(x,0) 06T M 0) =54 t 25%(e,0) 06T ¢ ) =20

Atkinson and Cook (1995), Downing, Fedorov, Leonov (2001)
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Often the “information matrix" contains the first term only —
corresponds to the asymptotic covariance matrix of IRLS -
not covariance matrix of the MLE!

Bezeau and Endrenyi (1986)

Special case: variance is proportional to the square of the mean,
S(x,0) = an*(z,0), a - given constant.
For a single Gaussian observation,

w(z,0) = 7]0@;722;: é;’g) E + 2] , f(z,0)= L]gz 9).

So, the two matrices differ by the constant multiplier —-
optimal designs are the same.

Locally Optimal Designs
Optimal design £* depends on:
e Model {response n(x,6) and variance S(x,6)}
o Design region X

e Parameter estimates ¢ for nonlinear models —-
locally optimal designs

Alternative approaches: Bayesian, minimax, adaptive

Nevertheless, locally optimal designs provide a reference point for
other candidate designs.
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Example S1, four-parameter logistic model: how a compound

inhibits the proliferation of “bad” cells in a cell-based assay.

0, — 0,

response:  n(z,0) =6 + T+ (/6,0

(cf. p4)

variance:  S(z,0) = 0317"(x,0) (power model)

4-parameter logistic model

1600 <

1400

cell counts

1000

o data
— response function

600 L L L L . L
0 1

3
log(concentration)

Figure 1: 4-parameter logistic model, two-fold dilutions

Alternative variance model:

S(I70) = 0; + 9677(1’70)
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Response Sensitivity function, serial dilution
1600 0

—
_ _ y, (standard)
W, (new term)

1400

1200

n(x.8)

1000 ~ 4

2 :‘\H* -
800
0
0 2 4 6 0 2 4 6
Unnormalized variance Sensitivity function, D-optimal design
10
8 m=6
_ ().291 O 0.212 0.223 0.284
o 6
<
=3 s~ TN
S ap, . \
S~ 7 N
2 o .
0
0 2 4 6

Figure 2: Sensitivity function: 6 parameters == 4 points. Effg, = 0.83

Design's efficiency :  Effe = [|M| / |ME*H1/’" .
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Questions:

(1) How far is 2-fold dilution from the optimal design?

(2) Are there other “good” serial dilutions &,?

When dilution design does not cover the whole range of the curve,

its efficiency drops dramatically (over 40%)

Limitations of locally optimal designs:

o Relative ease in making serial dilutions in 96-well plate assay,
e Extra time for making the appropriate D-optimal design
4
Thus, compared dilution designs with different dilution factors =

switched to 2.5 (3)-fold dilutions (covering wider range of concen-
trations)
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Example S2: measuring fluorescence curves

(thrombin generation)
Two different models can be used:

Exponential Skewed logistic:

Ymin — 91
— 0 + Oyexp(6at™ S AR L —
n = Ot Grexp(:t™) ! UL+ exp (6 + 05t)]"

Skewed logistic
6000F T T T T T T T T T

5000~ 4

4000 4

3000 1

2000~ 4

1000 4

2 4 6 8 10 12 14 16 18 20
Exponential
6000F T T T T T T T T e s—
5000 PP B
4000 - b
3000~ L7 B
2000 e q
1000} rSg 4
.
<
-1 . . . . . . . .
2 4 6 8 10 12 14 16 18 20

Figure 3: Two models
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Equivalence theorem: design region X=[0,20]

Traditional design - sampling every min (w;=1/21).

Locally optimal designs: 4 points (w;=1/4) for both models, but

(1) depend on @; (2) different for 2 models

Skewed logistic
T T T T

O every min
< optimal

Exponential

2 4 6 8 10 12 14 16 18 20
time

Figure 4: Sampling every min vs optimal for two models
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Robust design
Six points {0,2,4,6,8,10}, w;=1/8, plus =20, w;=1/4

Efficiency: logistic - 0.79 (was 0.64); exponential - 0.87 (was 0.71)

Skewed logistic

‘ : ‘
L A "robust”
7 ©_optimal
ol d
s i m=4
t t 3 t
=4 ”“_N - 02 -~ - S=a D ’4
L ’ - s~ 4
st [ R AT TS TT— =
2k 1 B
1
i g
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
2 4 6 8 10 12 14 16 18 20
Exponential
7l A
of 0
sk i
1, A 4 ,
> N 7’ S - - RS -
3t Mo S .- -==""
AL i
W i
2 4 6 8 10 12 14 16 18 20
time

Figure 5: Robust design for two models
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Motivating Example 3 (cont. from pp.5-7)

Optimal Design with Cost Constraints
KD . . . _

n(z,y) = fi(z)/Vi = % [boe™™" + bie”"" + bye™ "],
1

Standard normalization: N - available resource,

(1‘;, 9)

D - dose; coefficients b;, ; are expressed via rate constants
K., K, Ki2, Ka.
Seber and Wild (1989)

n n;
Yni=N = M(9) = ZNN
i =1

[

Let each measurement at point z; be associated with cost ¢(z;),
clz)) < C. .
Yme(zi) < € o v=(W,K,, K, K12, Kn)' - response parameters,

1
dim(y) = m,,.

Now normalize the information by the total cost C:

Mc(8) = 37 planb) = S ile,0),

w; = nie(a;)/C; iz, 0) = p(z,0)/c(r) = same framework.

From weights w; to frequencies: n; = [w;C/c(x;)].

27 28
All model parameters:

e ~; - parameters of individual j (sampled from population)

Eyj=7", Var(y;)=A 6= A o)

A - variance parameters, (m. X m.) matrix.
If X;, = (1:1 iy Ths ) - time points for individual j, then
J 2 ) ]

e Data y(l’u) = T](l‘ij,’}/j)Jrgiﬁ i:17...7kj (kalor 2) R
S(X;,0) = Var(X;,0) = FI(X;,7) A F(X;,7) + oIy,
In(zij, )

Errors €;;: i.i.d. with zero mean and variance o’
F(Xj,v) = { o — (m, x k;) — matrix

2
a” - error parameter.
Now use general formulas (p.9). To implement cost constraints,
take
i(X;,0) = p(X;,0)/Cr, i k=1,
,&(XJ,Q) = ,U/(XJ,Q)/CZ, if k'J =2.

Details:  Fedorov, Gagnon, and Leonov (2001)
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Example (cont). Dose administered at © = 0, sampling allowed

every hour from z =1 to x = 20.
If 2" sample taken at z, then samples are separated by at least

some positive interval:

zy—x1 > A (here A=4) = X = Z1U%,

Singles: Z;={z¢€ [1,20] },

R
)
=
v

Zy={ (w1, w0) 0 @y > w1 +4; w2y € [1,20] }.

30

Design Region

20F x x x x X X x x X X X x X x X X q

Figure 6: Design Region: singles Z; and pairs Z,
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For this example:

0= (1, 929 Y AL Az ds, Ay o)), dim(0) = 9.

For locally optimal designs, parameter estimates obtained from data.

Example 1.1:  singles only =

{’LU1 = 022,1[}3 = 027 wr = 0].97 Wiz = 0].87 Wy = 021}

Response function and D-optimal points, m=9

95 T T T T T T T T T

85F

750 4

650 4

Figure 7: Response and sensitivity functions, single samples ONLY
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Example 1.2:  equal cost for single samples and pairs, C} = ().

D-optimal design: three pairs,

Xy = (L,5), w1 = 0.39; Xy = (3,11), wy = 0.27; X3 = (10,20), ws = 0.34.
Sensitivity function for subregion Z; is well below m = 9 (not printed)

Equal costs, 9 parameters

85.
8.
s 75.
7
\
65. |
&
20
10
—~~
0 2 14 15 18 20
5 4 6 8 10
%, 0
X

1

Figure 8: Sensitivity function for subregion Z» (pairs)
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Example 1.3. C,=1, C,=10 - pairs cost more.

D-optimal design is supported on six points:

Four single points (1,3,8,20), weights w;_4=(0.2, 0.21, 0.2, 0.19);

Two pairss  X;=(1,6), ws=0.09;  Xg—(14,18), we=0.11.

C=1l, C,=10

8 oo N
T

Figure 9: Sensitivity function for subregions Z; (top) and Z, (bottom)
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Current project: ~ PK study, bolus infusion at x =0 =
L) = = (Kp+Kp) i) + K ft)

folt) = Ks fi(t) — Ky folt)
f(0)

(D,0)

Time: [0,144] hours, current design - 16 samples over the course of
6 days:

{5,15,30,45} min; {1,2, ..., 144} hours

Number of candidate “sets” is large: binomial coefficients

C(16,8) = 12870; C(16,9) = C(16,7) = 11440

Constraint: amount of blood drawn = cost function.
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